A high-precision relativistic calculations of Cd-like Nd 12+ , Sm 14+ and Sn-like Pr 9+ , Nd 10+ atomic properties is carried out using an approach that combines configuration interaction and a linearized coupled-cluster method. These ions have long-lived metastable states with transitions accessible by laser excitations, relatively simple electronic structure, high sensitivity to α variation, and stable isotopes. Breit and QED corrections were included into the calculations. Energies, transition wavelengths, electric-and magnetic-multipole reduced matrix elements, lifetimes, and sensitivity coefficients q and K to the variation of the fine-structure constant α were obtained. A detailed study of uncertainties was performed. Energies for similar Cd-like Ba 8+ , La 9+ , Ce 10+ , Pr 11+ and Sn-like Ba 6+ ions were calculated and compared with experiment for further tests of the accuracy.
I. INTRODUCTION
Last five years marked extraordinary improvements in both the accuracy and stability of optical frequency standards [1] [2] [3] . The most accurate trapped-ion clock based on quantum logic spectroscopy of an Al + ion was demonstrated in 2010 [1] . The fractional frequency uncertainty of 8.6 × 10 −18 was reported. The optical frequency standard based on 88 Sr + trapped ion with the total fractional frequency uncertainty of 2.3 × 10 −17 was reported in [4] . In 2013, Yb lattice clock with instability of 8.6 × 10
−18
after only 7 hours of averaging [2] was reported. The 6.4 × 10 −18 accuracy was achieved with the Sr optical lattice clock [3] which represents a factor of 22 improvement in comparison with the best previous optical lattice clock. Cryogenic Sr optical lattice clocks with a relative frequency difference of 10 −18 was demonstrated in [5] . Further development of even more precise frequency standards is essential for new tests of fundamental physics, search for the variation of fundamental constants, and very-long-baseline interferometry for telescope array synchronization. The most precise laboratory test of variation of the fine-structure constant α has been carried out by measuring the frequency ratio of Al + and Hg + optical atomic clocks with a fractional uncertainty of 5.2 × 10 −17 [6] . Furthermore, more precise clocks will enable the development of extremely sensitive quantum-based tools for geodesy, hydrology, climate change studies, inertial navigation, and tracking of deepspace probes [2, 3] .
This remarkable progress poses the question of what are the novel schemes for the clock development that may achieve the accuracy at the next decimal point, 10 −19 . We can single out two types of new clock scheme proposals at the present time. The first set of proposals are for the development of a nuclear clock [7] based on the 229 Th nuclear transition that has an unusually low first excitation energy of only several eV making it accessible with laser excitation. The second set of proposals involves various transitions in highly-charged ions (HCI) [8] [9] [10] . The estimates of potential accuracy of clocks based on highlycharged ions and the 229 Th nuclear transition are similar, but most HCI clock proposals do not have a complication of dealing with the radioactive isotope.
Recent studies of uncertainties [9, 10] have shown that the fractional uncertainty of the transition frequency in the clocks based on HCIs can be smaller than 10 −19 . Estimated sensitivity to the variation of α for highly-charged ions approaches 10 −20 per year [10] , which may allow for tests of spatial variation of the fine-structure constant that may be indicated by the observational studies [11] .
While HCIs lack strong electric-dipole transitions for laser cooling, some have strong M1 transitions. Moreover, sympathetic cooling may be employed similar to the scheme used in Al + clock, which is cooled using lasercooled Be + or Mg + ions [1] . The experimental investigations toward the sympathetic cooling of HCIs and the precision laser spectroscopy of forbidden transitions are in progress [12] [13] [14] [15] . A cooling scheme combining laser cooling of Be + ions and sympathetic cooling of Xe
44+
by Coulomb collisions with the cold Be + ions has been demonstrated in [16] . In 2011, the evaporative cooling of Ar 16+ in a Penning trap was demonstrated [12] . A novel extraction technique based on the excitation of a coherent axial oscillation which allowed to monitor the cooling process and to extract HCI bunches of high density and low momentum spread was also demonstrated [12] . Laser cooling of Mg + ions in a Penning trap for sympathetic cooling of highly-charged ions was demonstrated in [13] . Storage and cooling of highly-charged ions require ultrahigh vacuum levels. These can be obtained by cryogenic methods, and a linear Paul trap operating at 4 K capable of very long ion storage times of about 30 h was recently developed in [14, 15] . Capture and isolation of highlycharged ions in a unitary Penning trap extracted from an electron beam ion trap (EBIT) at NIST was demonstrated in [17] . The observed energy distribution was 60 times smaller than typically expected for ions inside an EBIT without applying any active cooling [17] .
In a recent work, we proposed 10 highly-charged ions that belong to Ag-like, In-like, Cd-like, and Sn-like isoelectronic sequences as candidates for the development of next generation atomic clocks, search for variation of fine-structure constant, and quantum information [18] . Ag-like and In-like highly-charged ions have been further considered in Ref. [19] .
In this work, we carried out detailed high-precision study of Cd-like Nd 12+ , Sm 14+ and Sn-like Pr 9+ , Nd 10+ highly-charged ions using an approach that combines configuration interaction (CI) and a variant of the coupled-cluster method. Breit and quantum electrodynamic (QED) corrections were included into the calculations. Our calculations include energies, transition wavelengths, electric-dipole, electric-quadrupole, electric-octupole, magnetic-dipole, magnetic-quadrupole, magnetic-octupole reduced matrix elements, lifetimes, and sensitivity coefficients to α-variation q and K. We carried out extensive study of the uncertainties of our results. Two types of calculations were carried out for Sn-like ions, treating these ions as systems with two and four valence electrons to ensure that all important configurations were taken into account. [23, 24] for Pr 11+ and Nd
+12
which might indicate a problem with the experimental level identification. Detailed study of higher-order, Breit, QED, and higher partial wave contributions was carried out to evaluate uncertainties of the final results for each ion.
We start with the brief description of the CI+all-order method used in this work in Section II. The results for Cd-like and Sn-like ions are presented in Sections III and IV, respectively.
II. METHOD
The Cd-like ions are divalent systems with two valence electrons above the 1s 2 2s 2 2p 6 3s 2 3p 6 3d 10 4s 2 4p 6 4d 10 core. We use a CI+all-order method developed in [25, 26] that combines the modified linearized single-double coupledcluster approach with configuration interaction. The CI many-electron wave function is obtained as a linear combination of all distinct states of a given angular momentum J and parity [27] :
The CI + many-body perturbation theory (MBPT) approach developed in [28] allows one to incorporate core excitations in the CI method by including perturbation theory terms into an effective Hamiltonian H eff . The one-body part H 1 is modified to include the correlation potential Σ 1 that accounts for one-body part of the corevalence correlations:
and the two-body Coulomb interaction term H 2 is modified by including the two-body part of core-valence interaction that represents screening of the Coulomb interaction by valence electrons;
Then, the energies and wave functions of low-lying states are determined by diagonalizing the effective Hamiltonian:
where H 1 and H 2 are modified according to Eqs. (2) and (3). The matrix elements and other properties, such as polarizabilities, can be determined using the resulting wave functions [27] .
In the CI + all-order approach, the corrections to the effective Hamiltonian Σ 1 and Σ 2 are calculated using a modified version of the linearized coupled-cluster all-order method which allows to include dominant core and core-valence correlation corrections to the effective Hamiltonian to all orders and improve accuracy in comparison with the CI+MBPT method. The detailed description of the CI+all-order method and all formulas are given in [26] .
When the CI space includes only two or three electrons, it can be made essentially complete. For four-electron systems, we have developed an efficient algorithm to construct a sufficiently complete set of configurations. The CI+all-order method yielded accurate wave functions for calculations of such atomic properties as lifetimes, polarizabilities, hyperfine structure constants, etc, for a number of divalent and threvalent systems [26, [29] [30] [31] [32] [33] [34] [35] . The spectra of the superheavy elements No, Lr and Rf with two, three, and four valence electrons were recently presented by Dzuba et al. [36] .
We included the Breit interaction on the same footing as the Coulomb interaction at the stage of constructing the basis set, and incorporated the Gaunt part of the Breit interaction in the CI. The QED radiative corrections to the energy levels are included using the method described in [37] . We find the QED contribution to be significant only for the configurations that contain valence 5s state, and omit it for Sn-like ions where none of the low-lying configurations contain 5s valence electron. The partial waves with l max = 6 are included in all summations in many-body perturbation theory or coupledcluster terms. Extrapolation of the l > 6 contribution is carried out following the method described in Ref. [19] .
The lifetime of a state a is calculated as
where the multipole transition rates A ab are related to the line strengths S ab . Explicit expressions are given in Ref. [19] . In the sum (5) we account for the electric (Ek) and magnetic (M k) transitions of the ranks k = 1 − 3. The sensitivity of the atomic transition frequency ω to the variation of the fine-structure constant α can be quantified using a coefficient q defined as ω(x) = ω 0 + qx, where x ≡ α α0 2 −1 and the frequency ω 0 corresponds to the value of the fine-structure constant α 0 at some initial point in time. It is convenient to also define dimensionless enhancement factor K = 2q/ω. We follow the same procedure to calculate q as in Ref. [19] . Briefly, we carry out three calculations with different values of α for every ion considered in this work. In the first calculation, current CODATA value of α [38] is used. In the other two calculations, the value of α 2 is varied by ±1%. The value of q is then determined as a numerical derivative.
III. CD-LIKE IONS
The 5s − 4f level crossing in Cd-like ions happens for Nd 12+ -Sm 14+ ions. The order of levels in previous ions of the Cd-like isoelectronic sequence, such as Ba 8+ , is 5s 2 , 5s5p, and 5s4f . It changes to 5s 2 , 5s4f , and 5s5p for Nd 12+ . The 4f 2 becomes the ground state for Sm 14+ , with other low-lying levels belonging to either 4f 2 or 5s4f configurations. In order to evaluate the uncertainties of our values, we carried out several calculations which allowed us to separate the effect of higher orders, Breit interaction, contributions of higher partial waves, and QED. The contribution of the higher orders is evaluated as the difference of the CI+all-order and CI+MBPT results. The Breit and QED contributions are calculated as the difference of the results with and without the inclusion of these effects. The contribution of the higher (l > 6) partial waves (labeled "Extrap") is estimated to be equal to the contribution of the l = 6 partial wave following our empiric rule obtained for Ag-like ions (see [19] for a detailed discussion of the extrapolation). The contribution of the l = 6 partial wave is obtained as the difference of two calculations where all intermediate sums in the all-order and MBPT terms are restricted to l max = 6 and l max = 5. The resulting four contributions are listed separately in Table I . The final theoretical results are listed in "Final" column.
We develop several methods to estimate the accuracy of our calculations. First, we assume that the uncertainty of each of the four corrections (HO, Extrap, Breit, and QED) does not exceed 25%, and add 25% of each correction in quadrature to estimate the total uncertainty. In Ag-like and In-like ions, such estimates are significantly larger (by a factor 2-4) than our actual difference with the experiment for all three ions listed in Table I of [18] . For Ba +8 5s4f states, which are of most interest for the present work, such estimate gives about 400 cm −1 , while our differences with experiment are 70-270 cm −1 . Therefore, we can expect that such procedure will give reasonable estimates of uncertainties for the 5s4f states of Nd 12+ . In the second approach of evaluating the uncertainties, we use the reference ion, Ba 8+ , to estimate the uncertainties in the calculations for the other ion. We estimate the uncertainty as the sum of the following: (1) difference of the theoretical and experimental energies for the reference ion and (2) difference in the sum of all four corrections between the reference and the current ion. For the 5s5p states of Nd 12+ , we use this second approach to estimate the uncertainties and also find that these estimates are significantly smaller than our difference with the experiment.
The agreement of the 5s4f energies with the experiment [20] for Ba 8+ is excellent and is of the same relative magnitude (0.1%) as in the case of 4f states of Ag-like Ba 9+ ion. The 5s5p energies agree with experiment to about 0.6%. However, the differences with the experiment for Nd 12+ [24] energies are anomalously large, 1.6-3% for all states listed in Table I except 5s5p 1 P 1 which is in excellent agreement with experiment. These differences are much larger than our estimated upper bound on the uncertainty of our results listed in column "Unc".
To explore the discrepancy of our energies with experiment for Nd 12+ , we calculated the energies of the other three ions of Cd-like isoelectronic sequence, La 9+ , Ce 10+ , and Pr 11+ , and compared the results with the experimental values from [21] [22] [23] . We present the comparison of theoretical energies with experiment for all 5 consecutive ions of Cd-like isoelectronic sequence, Ba 8+ [20] , La 9+ [21] , Ce 10+ [22] , Pr 11+ [23] , and Nd 12+ [24] in Table II. All energies are given relative to the 5s 2 1 S 0 ground state in cm −1 . Actual (in cm −1 ) and relative (in %) differences with experiment are given for all states. The states are listed in the same order for all 5 ions for the convenience of presentation. The actual order of states starts to change for Ce 10+ . The fine structure splittings of the 5s5p and 4f 5s triplets are listed in the last four rows. Table II clearly illustrates the abrupt shift in the agreement with experiment between the first three and last two ions. It appears that all levels with the exception of the 5s5p for Pr 11+ . We note that the 5s S 0 − 5s5p 1 P 1 is the only strong easily identifiable line from all of the states considered here. The identification of other numerous ultraviolet (UV) lines is a very difficult task carried out in [21] [22] [23] using the Cowan code. It may be possible that change in the order of levels for Pr 11+ resulted in 
some identification problem. Since our calculations are carried out in the same way for all ions, we find abrupt 2000 cm −1 shift in accuracy to be unlikely. Further measurements are needed to resolve this problem. We use the first (25%) approach to estimate the accuracy of our calculations for Sm 14+ energies since 4f 2 configuration is not present among measured low-lying levels of Ba 8+ , and this reference ion cannot be used for Sm 14+ . The CI+all-order sensitivity coefficients q for Cd-like ions obtained as described in Section II are given in Table III. All energy and q values are given relative to the ground state in cm −1 . The CI+all-order energies and q coefficients are used to calculate enhancement factors K = 2q/ω given in the last row of the table. The enhancement factors are very large for all transitions from the 5s4f levels to the ground state for Sm 14+ due to large q and small transition energies. The calculation of q for Ag-like ions [19] demonstrated that the effect of correlation is small for the cases where q are large, i.e. all cases of interest. Therefore, the uncertainties in large values of K will be dominated by the uncertainties in the transition energies, in particular where they exceed 2-3%. Then, the relative uncertainty in K for 4f 2 3 H 4 − 5s4f transitions can be estimated as the relative uncertainty in the corresponding transition energy. We note that q values are positive for Nd 12+ and negative for Sm 14+ . This creates additional enhancements for α variation search if the relative transition frequencies in Nd 12+ /Sm 14+ are monitored.
The CI+all-order multipole reduced matrix elements Z, transition rates A r , and lifetimes τ in Cd-like Nd
12+
and Sm 14+ ions are given in Table IV . We use theoretical energies in transition rate and lifetime calculations. The numbers in brackets represent powers of 10. The strongest transition from the first excited levels of both ions is M 2, leading to the extremely long lifetimes. The case of Nd 12+ is very similar to Ag-like Nd 13+ discussed in Ref. [19] but the wavelengths are further in UV. Next excited states in both ions live also very long, with 20 s and 8.5 s lifetimes for Nd 12+ and Sm 14+ , respectively.
IV. SN-LIKE IONS
The Sn-like ions, considered in this work, may be treated either as divalent systems with 1s 2 2s 2 2p 6 3s 2 3p 6 3d 10 4s 2 4p 6 4d 10 5s 2 core or systems with four valence electrons (then, the 5s electrons are in the valence field). We carry out both calculations to ensure that all dominant configurations are taken into account. We refer to the results of these calculations as 2-val and 4-val, respectively. We carried out the same calculations for the Ba 6+ ion, which is the last ion in Sn isoelectronic sequence where experimental energies are available. Unfortunately, the experimental data for this ion are limited to the fine-structure of the 5p 2 configuration. The results of 2-val and 4-val calculations for Sn-like ions are summarized in Table V where we list the energies of Sn-like Ba 6+ , Pr 9+ , and Nd 10+ ions relative to the ground state. Contributions from higher-order Coulomb correlation (difference of the CI+all-order and CI+MBPT calculations), estimated contributions of higher partial waves (l > 6), and Breit interaction are given separately in columns labeled "HO", "Extrap", and "Breit". QED contribution is considered to be negligible for these states.
We find a technical complication in applying CI+all-order method to the Sn-like ions. Both the CI+MBPT and CI+all-order methods are based on the BrilloiunWigner variant of the MBPT, rather than the RayleighSchrödinger to avoid nonsymmetric effective Hamiltonian and the problem of intruder states. In the BrilloiunWigner variant of MBPT, the effective Hamiltonian is symmetric and accidentally small denominators do not arise, but the many-body corrections to the Hamiltonian Σ 1 and Σ 2 become energy dependent. Solving the equation for H eff we are able to find these energies. But since we use the single-particle perturbation theory, more simple and practical approach is to set this energy,ε, to be the Dirac-Fock energy of the lowest orbital for the particular partial wave (see Refs. [26, 28] for more details).
For all Cd-like calculations carried out in this work, this approach works perfectly fine. However, we find that the use of the lowest 5d energies, asǫ, is not appropriate for the 2-val calculations for the Sn-like ions. This is because the 5s state, which is treated as a core state in 2-val calculations, has small excitation energy, very close to the excitation energy of the 5d state. This leads to extremely small energy denominator in the expression forΣ, e. g., ε 5s + ε 5d − ε 5p − ε 5p ≃ 0. This means that the sum of two single-electron energies ε 5s + ε 5d is a poor approximation for the two-electron energies of low states of Sn-like ions which must enter the expression forΣ. Therefore, we use the 5p 1/2 energies forε in the expressions forΣ operator for ns and nd states. The 4f j energies are used for the nf states. We have tested the sufficient completeness of the fourelectron configuration space by carrying out three calculations with increasing number of configurations. The first run contained only double excitations into the valence space from a few main configurations. Two larger runs were selectively constructed by allowing extra excitations into the valence space from several hundreds most important configurations. Thus, triple and quadrupole excitations from initial configurations were effectively included. The differences between the results of first two runs were less then 350 cm −1 . The differences between second and final largest runs with 23000 and 32000 con- 
to the ground state calculated as two-valence-electron (2-valence) and four-valence-electron (4-valence) systems (in cm −1 ). In the two-valence electron calculation, the 5s shell is taken to be a core shell. Contributions from higher-order Coulomb correlation (difference of the CI+all-order and CI+MBPT calculations), estimated contributions of higher partial waves (l > 6), and Breit corrections are given separately in columns labeled "HO", "Extrap", and "Breit". Differences between "4-valence" and "2-valence" final values are given in last column. [20] are listed in column labeled "Expt.". The columns ∆ 2val and ∆ 4val give differences between 2-val and 4-val calculations and experiment. In the two-valence-electron calculation, the 5s shell is taken to be a core shell. The column labeled "Ave." gives average of the 4-val and 2-val calculations. In last column the difference of averaged results with experiment is presented. figurations, respectively, were less than 10 cm −1 indicating sufficient saturation of the configuration space.
2-valence calculation
We provide a detailed comparison of 2-val and 4-val results with the experiment for Ba 6+ [20] in Table VI . While we find a good agreement of both results with experiment, it is unclear whether 2-val or 4-val calculations provide better accuracy. The agreement with experiment is different for the four states. Most likely this is caused by the admixture of configurations that cannot be described as divalent 5s 2 nln ′ l ′ states. It appears that the average of both calculations produces the results that are the most consistent with experiment for all states. Unfortunately, we have no comparison with experiment for the 5p4f and 4f
2 configurations which are of interest for the present work.
The ions of interest in the Sn-like isoelectronic sequence are Pr 9+ and Nd 10+ where the 5p 2 and 5p4f or 5p4f and 4f 2 levels become very close due to the 5p − 4f level crossing. The case of Pr 9+ is particularly interesting, since the several lowest metastable levels have transitions to the ground state in the optical range. The ground and first excited states of Nd 10+ are extremely close and the resulting uncertainty is on the order of the transition energy. While our calculations place 4f 2 to be the ground state, the higher-order corrections are particularly large in this case, almost 3 times that of the transition energy, which might lead to the placement of the 5p4f J = 3 as the ground state.
Determination of the uncertainties is difficult for these ions due to complete lack of data for comparison. We also observe strong cancellations between various large corrections. Therefore, adding 25% of all corrections in quadrature may significantly overestimate the uncertain- P 1 level at 351 nm may be potentially used for cooling and probing. Our Nd 10+ transition property calculations assume that 4f 2 J = 4 level is the ground state. While several low levels of Nd 10+ are long-lived, the corresponding transitions are all far in the infrared.
V. CONCLUSION
We carried out detailed high-precision study of Cd-like Nd 12+ , Sm 14+ and Sn-like Pr 9+ , Nd 10+ atomic properties using a hybrid approach that combines configuration interaction and a linearized coupled-cluster method. These highly-charged ions are of interest for future experimental studies aimed at the development of ultra-precise atomic clocks and search for α variation. Energies, transition wavelengths, electric-and magnetic-multipole reduced matrix elements, lifetimes, and the sensitivity coefficients to α variation, q and K, were calculated. Several methods to evaluate uncertainties of the results were developed.
